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Vector Spaces

The Vector Space R*n

Questions

1) Checkif W is a subspace of R, where W :{<a,b,c> la b e 0}?.
2) Checkif W is a subspace of R®, where W :{<a,b,c> |a =c} .

3) Checkif W is a subspace of R’, where W :{<a,b,c> |a =?>b} .

4) Checkif W is a subspace of R’, where W ={<a,b,c> la < G} .

5) Checkif W is a subspace of R’, where W { a,b, C =€:2} )

6) Checkif W is a subspace of R*, where W =

abc|c-b bza}

7) Checkif W is a subspace of R*, where W { abc)lb =gl ag }

Answer Key

1) W isa subspace of R’.

2) W isasubspace of R’.

3) W isa subspace of R’.

4) W is not a subspace of R*.

5) W is not a subspace of R’.

6) W isasubspace of R’.

7) W is not a subspace of R’.

’ For more information and all the solutions, please go to www.proprep.uk.
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Liner Combinations and Span in R*n

Questions

1)

We are given the following vectors in R*:

u =(4LL5), u, 0,11, 53), u, (% 53:1), u, (L,3712).
a. Is u, alinear combination of u,?
b. Does u, belongto Sp{u,}?

c. Istheset {ul,u4} linearly dependent?

2) We are given the following vectors in R*:
u =(41L5), u, 20,11, 53), u, (% 53:1), u, (1,3712).
a. Is u, alinear combination of u, and u,?
b. Does u, belongto Sp{ul,uz} ?
c. lIstheset {u],uz,UB} linearly dependent?
If so, try to write each vector in the set as a linear combination of the others.
3) We are given the following vectors in R*:
u, =(41L5),u, %0,11, 53), u, (% 53;1), u, (L3=12).
a. Is u, alinear combination of u, and u,?
b. Does u, belongto Sp{ul,uz} ?
c. Istheset {ul,uz,u4} linearly dependent?
If so, try to write each vector in the set as a linear combination of the others.
4) We are given the following vectors in R*:
u,=(4,1L5), u, %0,11, 53), u, (& 531), u, (L,3712),
and v=(4,12,k, 2k).
a. What should the value of k be, in order for the vector v
to be a linear combination of u, and u,?
b. What should the value of k be, in order for the vector Vv
to belong to Sp{ul,uz} ?
c. What should the value of k be in order for the set
{ul,uz,v} to be linearly dependent?
- For more information and all the solutions, please go to www.proprep.uk.
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5) We are given the following vectors in R*:
U =(4115), u, 0,11, 53), u; (% 531), u, (13712),
andv =(a,b,c,d).
a. What are the conditions on a,b,c,d , in order for v
to be a linear combination of u, and u,?
b. What are the conditions on a,b,c,d , in order for v
to belong to Sp{ul,uz} ?
c. What are the conditions on a,b,c,d , in order for the set

{ul,uz,v} to be linearly dependent?

Answer Key
1) a.No b. No c. No
1
2) a.Yes. U, :E(u1 -uz) b. Yes. Follows from a.
c.Yesu, =2u, H, ,uU, U 2u,
1
3) a.Yes. u, :Z(ul -Uz) b. Yes. Follows from a.
c.Yes. U =4u, U, ,u, 4u, Ur
4) a-c. k= 4
ga=>5t B8s
, 1b=4t 13s
5) a+b. Refer to the video. C. |
7C=7s
fd =7t
’ For more information and all the solutions, please go to www.proprep.uk.
v proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com.
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Basis for R"

Questions

1) Check if each of the following sets is a basis of R*:
a. {(1,0,1),(0,0,1)}
b. {(1,1,2).(1,2,3),(3,3,4),(2,2,1)}
c. {(1,2.3).(4,5,6),(7.8.9)}

2) Check if each of the following sets is a basis of M,,[R] (AKA M, [R]):

. eel 2 g5é6 9glel
-o1é U~ 6o > AULE!
8 4178 2038,

p, 8 28586 9gles 6 & 16 g
(& 4 U788 2H387 A E 8§
g 1 g0el 0g0e 0 Og |

Nt IR RRTIT KURTE

3) Check if each of the following sets is a basis of PZ[R] (deg ¢ 2 poly):
a. {1+x, x> 8x 3}
b. {1+x, X* BX 3k2x 4¥,X xz}
c. {1+2x BX’, 4 Sx 6,7 8x+10x}4

4) Consider the following set of vectorsin R*: T :{<1,2,3>, (4,5,6), <7,8,9>,<2,3,4>}.

a. Is T abasisof R*?
b. Find a maximal linearly independent subset T' of T .

c. Extend T to a basisof R®.

For more information and all the solutions, please go to www.proprep.uk.

v ro re For any questions please contact us at +44-161-850-4375 or info@proprep.com.
S proprep Info@proprep.com.

© All rights in this workbook reserved to proprep™


http://www.proprep.uk/
mailto:info@proprep.com

Linear Algebra Workbook

Answer Key

1) a. The two vectors can’t form a basis for R”.
b. The four vectors can’t form a basis for R*.
c. The vectors are linearly dependent and so are not a basis for R”.

2) a.The three vectors can’t form a basis for M., [R].
b. The five vectors can’t form a basis for M., [R].
c. The four vectors do form a basis for M., [R].

3) a.The two vectors can’t form a basis for P,[R].
b. The four vectors can’t form a basis for P, [R] .

c. The three vectors do form a basis for P, [R] .

4) a. No, since it contains more than three vectors.

- T={(1,2,3),(4,5,6)}

(on

- T*={(1,2,3),(4,5,6).,(0,0,1)}

(@]

’ For more information and all the solutions, please go to www.proprep.uk.
For any questions please contact us at +44-161-850-4375 or info@proprep.com.
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Basis for a Solution Space, Homogeneous SLE A in R"

Questions

1) Here are 3 systems of linear equations (SLEs):

éx+y -z 2w 0= éx-y # w 0= Bx-y € W 0=
Yax- - I . €

Loi3x-y #z 4w 0= 2. 1X+22 W & :'2x-2y 27 MW
bLosx By 152 6w 0 bx+y 8z 3w 0

Let’s denote by W, U and V the subspaces spanned by 1., 2. and 3., respectively.
a. Find a basis for each of W, U and V as well as their dimension.
b. i. Find a basis for U +V and its dimension.
ii. Find the dimension of U A&V .
c. Find a basis for U A&V .

2) LetU :{<a,b,c,d> iR|la &b d%. Find a basis and the dimension of U .
3) LetU ={<a,b,c,d> iR*|c & by b =C} . Find a basis and the dimension of U .

4) LetU :{v iR*Iv (D LK 1) -0} . Find a basis and the dimension of U .

Answer Key

By ={( 4.5.2.5,1,0), { 15, 0.5,0,1)} dimW =2,
B, ={( 2. kL0), (1,2,0,1)} dimU =2,
:{ 1,0,0,1), { 10,1,0), (1,1,0,0)} dimV =3
b.i. By ={< ,0,- 1,1), (0,1,1,0), <1,1,o,o>} dimU +V 3
i. 2=dim(U A2)
. Byw ={( 2. 110), (1,2,0,1)}
2) B, ={(0,1,0,1),(1,0,1,0)} , dimU =2
3) B, ={(1101),(2, 0}, dimU =2
4) B, ={(1,0,0,1),{ 4,0,1,0),(1,1,0,0)} dimU =3

’ For more information and all the solutions, please go to www.proprep.uk.
proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com.

© All rights in this workbook reserved to proprep™


http://www.proprep.uk/
mailto:info@proprep.com

Linear Algebra Workbook

Basis of a Subspace of R"

Questions

1)

Consider the subspace of R* defined as follows:
U =span{(L1-12), (3, 4.7.4),( 53, 15 6)}-

a. Find a basis for U and its dimension.
b. Find a homogeneous SLE whose solution space is U .

2) Consider the subspace of R* defined as follows:
V =span{(1,1,- 1,1), (1,0.2, 1), (113, 3, (515.8)}.
Find, for V : a basis, the dimension, a homogeneous SLE.
3) Consider the two subspaces of R* defined as follows:
U =span{(L1, 4,2), (3, 1;7.4),( 53, 15,-6)} -
V =span{(1, 4,1,1),(1,0,2, 1, (L3, 3);(5158)}.
Find a basis and the dimension of U +V .
4) Consider the two subspaces of R* defined as follows:
U =span{(L1, 4,2), (3, 1;7.4),( 53, 15,-6)} -
Vv =span{(1, 4,1,1), (10,2, 1, (11,3, 3);(515,38)}.
Find a basis and the dimension of U A&V .
Answer Key
e-3x by 22 0
1 . ={(L,1, 4,2),(0, 410, 2){, dimU =2 b.
) a8y ={{LL 4.2). )} dim 3y 2 0=
2) -8x -y sz 2t 0, B, ={(1, 4,11),(0.1,1, 23,(0,0, 2,5)}, dimV =3
3) By, ={(LL 4,2),(0, 410, 2)(0,0,1,0),(0,0,0,1)}, dimU +V =4
4) dimU AV =1, B, ={(515.8)}
’ For more information and all the solutions, please go to www.proprep.uk.
v proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com.
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Basis for Row and Column Spaces

Questions

1) Find a basis and the dimension of the row space and the column space
of the following matrix. What is its rank?

4 1 15
€ 11 -5 3
e
& -5 31
e
& 3 -1 2

2) Find a basis and the dimension of the row space and the column space
of the following matrix. What is its rank?
el 2 1 3 5

é
e2 5 3 1 6
é1 -1 2 2 1
&2 3 5 4 I
Answer Key
1) B, ={(4.115),(0,11, 5,3)} dim(row)=2;
éed g 0e |
L&) U 4€ )
Bcolz{e ,l"l e ll, dim(COl):Z;
T€2 u-2 4
~6 U é
tél g 1é |
rank=2

:{ 1,2,1,3,5),(0,1,1, 5, 4),(0,0,0,1,1)}; dim(row)=3.

€el gOe B e
1é, u.é §j3 ¢
22 < 12 7

B, =!I e’ u e g € dim(col) =3; Rank=3.
jel u-x d6 ¢
1€, 0 ¢ é
&2 076 ¥ @

For more information and all the solutions, please go to www.proprep.uk.
proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com. 10

© All rights in this workbook reserved to proprep™


http://www.proprep.uk/
mailto:info@proprep.com

Linear Algebra Workbook

Vector spaces

Questions

Check if W is a subspace of M | [R], where:

1)

2)

3)

4)

5)

6)

7)

8)

w={A|A AT},

W is the set of matrices which commutewith a given matrix B.
Thatis, W ={A| AB =BA}.

W is the set of matrices whose determinant is 0. That is, W ={ Al det A =()} .

W is the set of matrices which are equal to their own square.
Thatis, W ={A| A =A}.

W is the set of upper-triangular matrices.

W is the set of matrices whose product with a given matrix B is O.
Thatis, W ={A| AB =}.

W is the set of matrices whose trace is 0.
Thatis, W ={ A|tr(A) #}.

W is the set of matrices such that the sum of each row is 0.

Check if W is a subspace of P, [R] , Where:

9)

10)

11)
12)

13)

14)

W consists of the polynomials having 4 as a root. l.e., W ={ p(x)| p(4) =O} .

W consists of the polynomials with degree ¢ 4.l.e., W ={ p(x)| deg( p) ¢4} .

W consists of the polynomials with integer coefficients.
W consists of the polynomials with only even powers of X in its terms.

W consists of the polynomials having degree n where 4¢n ¢7.

w ={p(x)|p(0) 4} .

’ For more information and all the solutions, please go to www.proprep.uk.
vv

proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com.
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Check if W is a subspace of F [R] , Where:

15) W consists of all even functions. l.e., W ={ f (X)| f (X) =f ( X—) for all x RI} .

16) W consists of all bounded functions. l.e.,
W ={ f (X) | ‘f (X)‘ @M forallx R, for some M O}>.

17) W consists of all continuous functions.
18) W consists of all differentiable functions.

19) W consists of all constant functions.

" '
20) W :ff (X)| Nf (X)dx = (assumef is integrable) 1|
i

0

{ f (X)| f '(X) 29 (assumef is differentiable)} .
22) W ={ f (X)| f '(X) 3 (assumef is differentiable)} .
23) W={f|f(x 4) &(x)forallx R}.

Check if W is a subspace of I R :

24) Check if W isasubspaceofAz'[R],whereW={<zl,22,z3>|z2 Z,2, & Z}.

25) CheckifW:{<zl,zz,z3>|z2 2,7, & Z}

is a subspace of A* (over the complex field A ).

Answer Key
1)-2) Is a subspace 3)-4) Not a subspace 5)-10) Not a subspace
11) Not a subspace 12) Is a subspace 13)-14) Not a subspace
15)-19) Is a subspace 20) Not a subspace 21) Is a subspace
22) Not a subspace 23)-24) Is a subspace 25) Not a subspace
- For more information and all the solutions, please go to www.proprep.uk.
~~ proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com. 12
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Linear Dependence

Questions

1) We are given the following matrices in M, [R] :

A=

a.
b.

C.

4 lg, _0ell g2 -8 gl 3
& 5 U
e u

B = 4 ,Cpy = 5 ,D F
£ 3703 1§ e
Are these matrices linearly dependent?
If so, try to write each of them as a linear combination of the rest.

Does A belongto Sp{ B,C} ?

2) We are given the following polynomials in P, [R] :

p(x)=4 &« # 5¢,p,(x) 11x 5% -3x°,+
p,(x)=2 Sx I x* op,(x) 1 3x & 2%

a.
b.

(oN

Are these polynomials linearly dependent?
If so, try to write each of them as a linear combination of the rest.

Does p, belongto Sp{p,, p;} ?

3) We are given the following set of vectorsin R*: S :{<c,2,4>,<2.4, a,2>,<c,b,6>,<b,2,a>}

For which values of a,b,c is Slinearly dependent?

4) \We are given that the set{u,v,w} of vectors is linearly independent in V [F] .

a.
b.

Is the set {u -Vv,u -w,u w 2W} linearly dependent?

If so, try to write each vector in the set as a linear combination of the others.

5) We are given that the set {u,V,W} of vectors is linearly independent in V [F] .

a.
b.

Is the set {u +v,v -W,W} linearly dependent?

If so, try to write vector in the set as a linear combination of the others.

6) We are given that the set {u,V,W} of vectors is linearly independent inV [F] .

a.
b.

Is the set {u +2v Bw,4u Sv 6wW,7u 8v+ 9W}- linearly dependent?

If so, try to write each vector in the set as a linear combination of the others.

7) s the set of vectors {<1,i,i -1, 4k 2>} linearly independent in [ - :D ?

s

For more information and all the solutions, please go to www.proprep.uk.
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8) Isthe set of vectors {(Li,i- 1),(i 4,i & 2)} linearlyindependentin I "R ?

Answer Key

1) a.Yes, they're linearly dependent.
b.A=B 2C, B A 2¢,C=1A 1B.D FA iB
c. Yes, follows from A=B 2C.

2) a. Yes, they are linearly dependent.
b. p=p, €p;, P, B 2B, P;=IP 3PP FPO3B,
c. Yes, follows from p, = p, -2p,.

3) Forallvalues a,b,c S linearly is dependent.

4) a.Yes, they are linearly dependent.

X=2y -z
b. y=0.5x 4.5z
z=2y -X
5) a.No
b. N/A

6) a. Yes, they are linearly dependent.

X=2y -z
b. y=0.5x 4.5z
zZ=2y -X

7) No, the vectors are linearly dependent.

8) The vectors are linearly independent.

’ For more information and all the solutions, please go to www.proprep.uk.
v proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com. 14
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Basis for Known Vector Spaces

Questions

1) Check if each of the following sets is a basis of M,,,[R] (AK.A M,[R]):

g8l 2 g5e6 9glé
R Y
(8 4 U788 2038,
el 2 g5e6 Y9gle 5 6 & 16 ¢
4 W78 24387 Mg 8 |
éél 1 g0el 0gOe 0 Og i
c. Ve AY 7 , AY 7 Ny
& 1 H1E g8 o 1y

éel
b. ja
8

2) Checkif each of the following sets is a basis of PZ[R] (deg ¢ 2 poly):
a. {1+x, x> BX 3}
b. {1+x, x> BX 3k2x 4¥,X xz}
c. {1+2x BX’, 4 sx 6¥,7 8x+10x%

Answer Key

1) a. No, the three vectors can’t form a basis.
b. No, the five vectors can’t form a basis.
c. Yes, the four vectors do form a basis.

2) a. No, the two vectors can’t form a basis.
b. No, the four vectors can’t form a basis.
c. Yes, the three vectors do form a basis.

’ For more information and all the solutions, please go to www.proprep.uk.
v proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com. 15
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Basis for a Solution Space, Homogeneous SLE

Questions

1) LetU ={A iM,[R]| A ;AT} . Symmetric 2x2 matrices.

Find a basis and the dimension of U .
19 0e&0
1 Yok !

Find a basis and the dimension of U .

e . el.
2) LetU=7A IM,|R| |A
e : 2[ ]| g)

3) LetU={p(x) IR[R]| p(1) €}

Find a basis and the dimension of U .

Answer Key

€60 0 gOel IgOel
1) B=ig 0o, 6, > U a6, dimU =3
(& 14180 00§,
€0 0 4
2) U:‘,% gjdimU 9, B, = [Bmpty set].
i 0

3) B, ={p(x) =1 x¥p,(x) 1=¥,pHx) 1 xf, dimU =3

’ For more information and all the solutions, please go to www.proprep.uk.
v proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com. 16

© All rights in this workbook reserved to proprep™


http://www.proprep.uk/
mailto:info@proprep.com

Linear Algebra Workbook

Basis of a Subspace of a Known Vector Space

Questions

1) Consider the subspace of M, [D defined as follows:

Uospanlel 1ol 2 @
- span & s 4el 23 &
&l 20 €1 W &,

Find a basis and the dimension of U .

2) Consider the subspace of P3[D defined as follows:
U =span{l KX 28,4 X & -X°,2+x X*- 3x3w}
Find a basis and the dimension of U .
Answer Key
éel 1 g0e 3 (g
1) BU:ié 0o, 6 ULglmU 2
gl 20387 yu

2) B, ={l % ¥ 2%, 3x-3x+7x}; dimU 2

’ For more information and all the solutions, please go to www.proprep.uk.
For any questions please contact us at +44-161-850-4375 or info@proprep.com.
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Coordinate Vectors and Change of Basis

Questions

1) Given the following two bases of P, [R] :
B, :{1 4, X, X )tz} ;and B, ={1 w2 X OF, xz},
and let p(X) =a bx X, be ageneral polynomial in PZ[R] .
Compute gp(x) & the coordinate vector of p(x) relative to B, and B, .

Find the change-of-basis matrix from B, to B, .

2) Given the following two bases of M, [R] :
_€el 1 g0el 0Og0& 0 @ |
& ot T 1E ok
EZ?@I 0 g0el 0Og0e& 0 & :
& 040 150§ 0 Y .

B

ex
Compute the coordinate vector of X = gz Z , relativeto B and E.
Find the change-of-basis matrix from B to E.
Answer Key
el 0 O
1) [v], =(ab a ec); [v], =(a,b,c -a B), [M]E2 :g-z 0 I
él 1 1
2) [X],=(xy %z ¥y xt z -y X
E is the elementary or standard basis of M, [R] :
[X]e =(xy.2.1)
el 0 00
-1 0 0
The change-of-basis matrix from B to E: [M]E =€
B el -1 0
&1 1 4 1
’ For more information and all the solutions, please go to www.proprep.uk.
v proprep For any questions please contact us at +44-161-850-4375 or info@proprep.com. 18
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